Non-equilibrium Phase Transition from AdS/CFT by Ali-Akbari, Mohammad & Vahedi, Ali
ar
X
iv
:1
30
5.
37
13
v2
  [
he
p-
th]
  2
 O
ct 
20
13
Non-equilibrium Phase Transition
from AdS/CFT
Mohammad Ali-Akbari1, Ali Vahedi 1,2
1School of Particles and Accelerators,
Institute for Research in Fundamental Sciences (IPM),
P.O.Box 19395-5531, Tehran, Iran
2 Department of physics, Kharazmi university,
P.O.Box 31979-37551, Tehran, Iran
Abstract
Using AdS/CFT correspondence we study a non-equilibrium phase transition
in the presence of a constant external magnetic field. The transition occurs
when the sign of the differential conductivity reverses. Utilizing numerical
method we show that the type of the transition depends on the value of
magnetic field as well as the temperature of the gauge theory. Moreover we
show that this transition does not depend on supersymmetry preserved by
the system at zero temperature and the dimension of the subspace on which
the fundamental matter field lives.
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1 Introduction
One of the most challenging open problems in theoretical physics is to study
a physical system at non-equilibrium phase. In fact when a system is in
equilibrium one may describe it without explicitly knowing about the micro-
scope details of the system. However, in the case of non-equilibrium systems
more information about dynamics is needed in order to understand the most
basic properties of the system. Nevertheless there are certain cases where
even though the systems are out of equilibrium, one still has a good control
over them. The first one is the standard theory of non-equilibrium thermo-
dynamics which is based on the local equilibrium hypothesis that roughly
states that each small part of the non-equilibrium system can be considered
as a system in equilibrium [1]. Another family, which is extensively stud-
ied in the literature, is called non-equilibrium steady states. These systems
are clearly out of equilibrium but they have no macroscopically observable
time dependence [2, 3]. A few example of such non-equilibrium systems were
discussed in [4, 5]. In this paper, using AdS/CFT correspondence, we con-
sider a strongly coupled non-equilibrium steady state and we are interested
in studying a phase transition in the presence of external magnetic field.
The AdS/CFT correspondence states that type IIB string theory on
AdS5 × S5 background, which describes near horizon geometry of a stack
of Nc of extremal D3-branes, is dual to the four-dimensional super-conformal
Yang-Milles (SYM) theory with gauge group SU(Nc) [6]. The correspon-
dence is more applicable in the limit of large Nc and large ’tHooft coupling,
2
λ = g2YMNc where gYM is the gauge theory coupling constant. In these limits
it is well-known that a strongly coupled SYM is dual to the IIb supergravity
which is the low energy effective theory of superstring theory. This correspon-
dence has also been generalized to the thermal SYM theories. As a result a
strongly coupled thermal SYM theory corresponds to the supergravity in an
AdS-Schwarzschild black hole background where SYM theory temperature is
identified with the Hawking temperature of the AdS black hole [7].
Using the AdS/CFT idea, a non-linear conductivity has been computed
in [8, 9]3. Matters(or quarks) in the fundamental representation of the
SU(Nc) gauge group must be added to the original SYM theory to com-
pute the conductivity. On the gravity side it can be done by introducing Nf
flavor Dp-branes (in this paper we consider p = 5, 7) in the probe limit [11].
The probe limit means that the number of flavor Dp-branes are much smaller
than the number of D3-branes. According to the AdS/CFT dictionary, the
local U(Nf ) symmetry on the flavor D7-branes corresponds to global U(Nf )
symmetry whose U(1)B subgroup is identified with baryon number. Then
the fundamental matters are couples to external electric and magnetic fields
and therefore we expect a non-zero current, J . Then the conductivity is
defined as σ = J
E
where E is an external electric field.
An interesting property of this non-linear conductivity has been studied
in [12, 13]. In fact, due to the non-linearity of conductivity, differential
conductivity ∂J
∂E
may be either positive or negative. It was shown that both
signs of the differential conductivity happen in the D3-D7 system depending
on the temperature of the system. Moreover, it was discussed that this sign
conversion can be considered as a transition or a continuous crossover. At
the critical temperature Tc, a second order phase transition from negative
differential conductivity (NDC) to positive differential conductivity (PDC)
occurs. Above the critical temperature, the system represents a first order
phase transition. When T < Tc, there is a continuous crossover by which we
mean that there is no sharp transition from NDC to PDC (or vise versa).
In this paper the main question of interest is how the transition between
NDC and PDC can be affected by an external magnetic field. For this reason
in next section we review the non-linear conductivity which depends on the
constant magnetic field and study the various types of transition for D3-D7
system in section 3. Then we consider two D3-D5 systems. The subspace on
which the fundamental matter lives is a main difference between these two
3Similar non-equilibrium systems have been studied in [10].
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D3-D5 systems. Moreover, the supersymmetry does not preserve by one of
them even at zero temperature.
2 Review on non-linear conductivity
In order to compute the conductivity, let us start with D3-D7 system which
is a supersymmetric intersection of Nc D3-branes and Nf flavor D7-branes
as
t x y w z S3 θ ψ
D3 × × × ×
D7 × × × × × ×
(1)
Here we consider probe limit which means that Nf ≪ Nc. In other words, the
back-reaction of the probe D7-branes is ignored in this limit and consequently
the dynamics of D3-D7 system is given by the dynamics of the probe branes.
This configuration holographicly describes a SYM theory with the gauge
group SU(Nc) coupled to the matter field in the fundamental representation
of the gauge group. The mass of the matter field is considered as a distance
between D3- and D7-branes in the transverse plane. If this distance is zero,
the matter field is massless.
In the large Nc and large t’Hooft coupling limits, λ = g
2
YMNc = 4πgsNc,
where gs is string coupling constant, the D3-branes may be replaced by
AdS5 × S5 background which is dual to a strongly coupled SYM theory
at zero temperature. On the other hand at finite temperature the AdS5 is
replaced by AdS-Schwarzschild black hole where the Hawking temperature
of AdS black hole is identified with the temperature of the strongly coupled
SYM theory. The AdS-Schwarzschild metric in units of the AdS5 radius is
ds2 =
dz2
z2
− 1
z2
(1− z4/z4h)2
1 + z4/z4h
dt2 +
1
z2
(
1 +
z4
z4h
)
d~x2 + dΩ25, (2)
and the metric of S5 is
dΩ25 = dθ
2 + sin2 θdψ2 + cos2 θdΩ23, (3)
where z and t are the radial and time directions, respectively. x, y and w
denote a three dimensional Euclidean space. In this coordinate boundary is
located at z = 0. The horizon is at zh and the Hawking temperature of black
hole is then given by T =
√
2
πzh
. There is also a form field
gsC
(4) = u4dt ∧ dx ∧ dy ∧ dw, (4)
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which couples to the D3-branes.
The dynamics of Nf D7-branes in an arbitrary background is described
by Dirac-Born-Infeld(DBI) and Chern-Simons(CS) actions
S = SDBI + SCS ,
SDBI = −NfTD7
∫
d8ξ e−φ
√
− det(gab +Bab + 2πα′Fab) ,
SCS = NfTD7
∫
P [ΣC(n)eB]e2πα
′F ,
(5)
where the induced metric, gab, and Kalb-Ramond field, Bab, are given by
gab = GMN∂aX
M∂bX
N ,
Bab = BMN∂aX
M∂bX
N .
(6)
T−1D7 = (2π)
7l8sgs is the D7-brane tension. ξ
a are worldvolume coordinates
and the capital indices M,N, ... are used to denote space-time coordinates.
In our case the background metric GMN is given in (2). Fab is the field
strength of gauge fields living on the D7-branes. We use static gauge which
means that the D7-branes are extended along t, x, y, w, z, S3 or equivalently
along AdS5×S3. In the CS action, C(n) denotes Ramond-Ramond form fields
and P [...] is the pull-back of the bulk fields to the worldvolume of D7-branes.
In order to describe a nonlinear conductivity we consider appropriate field
configurations on the D7-branes as follows 4
Ax(t, z) = −Et + ax(z), Ay(x) = Bx, θ(z). (7)
Substituting the field configurations (7) into the action (5), and performing
two Legendre transformations one arrives at (for more details see [9])
SD7 =
∫
dtdz L
= − 1
2πα′
∫
dtdz g1/2zz |gtt|−1/2g−1xx
√
ξχ,
(8)
4A more general case in which At(z) 6= 0 and Ay(x, z) = Bx+ ay(z) was considered in
[9]. According to the results of [12], pair-creation process is essential for NDC. In order
to study the phase transition between NDC and PDC, we safely chose At(z) = 0. Just for
simplicity, we also set Ay(x) = Bx.
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where
ξ = |gtt|g2xx + (2πα′)2(|gtt|B2 − gxxE2), (9a)
χ = N 2(2πα′)2|gtt|g2xx cos6 θ − C2, (9b)
and N = λNcNf
(2π)4
. Since both sides of the above action are divided by the
volume of R3 so this is indeed an action density. Note that C = ∂L
∂(∂zAx)
is
the conserved charge associated with Ax. Notice that the CS action does not
contribute to the action of D7-branes.
The reality condition of action imposes that the two functions ξ and χ
must vanish at the same point, say, at z = z∗. Therefore, we have
|gtt|g2xx + (2πα′)2(|gtt|B2 − gxxE2) = 0, (10a)
N 2(2πα′)2|gtt|g2xx cos6 θ(z∗)− C2 = 0, (10b)
where all functions of z are evaluated at z∗.
The field configurations (7) can be expanded near the boundary to extract
the field theory information. They asymptotically approach the boundary as
[9]
Ax(t, z) = −Et + 1
2
〈J〉
N (2πα′)2 z
2 +O(z4),
θ(z) = θ0z + θ2z
3 +O(z5).
(11)
According to the AdS/CFT correspondence, for different fields non-normalizable
and normalizable modes in the asymptotic expansion near boundary de-
fine the source for the dual operator and its expectation value, respectively.
Therefore, for Ax the non-normalizable term is proportional to electric field
E = Ftx and Ay induces a magnetic field B = Fxy on the boundary. The Ax’s
normalizable term is proportional to the expectation value of corresponding
dual operator, 〈J〉, in the gauge theory. In [8, 9] it was shown that C = 〈J〉.
The non-normalizable term of θ(z) corresponds to the mass of fundamental
matters, (2πα′)m = θ0, and the normalizable term is proportional to 〈Om〉
where Om is the dual operator to mass.
Using (10), one can now find the expectation value of the current in the
x direction. (10a) gives z∗ in terms of zh, electric and magnetic fields as
z4∗ =
(
2F (e, b)−
√
(2F (e, b)− 1)2 − 1− 1
)
z4h, (12)
6
where
F (e, b) =
1
2
(
1 + e2 − b2 +
√
(e2 − b2)2 + 2(e2 + b2) + 1
)
,
e =
E
π
2
√
λT
, b =
B
π
2
√
λT
.
(13)
Substituting z∗ into (10b), the expectation value of current becomes
〈J〉2 = N 2(2πα′)2|gtt|g2xx cos6 θ(z∗). (14)
Then the conductivity is simply given by
σ =
〈J〉
E
. (15)
In the case of B = 0, it was shown in [13] that in the small-J region the
above system exhibits NDC. However, PDC is seen in the large-J region. In
other words, there is a transition between NDC and PDC. The question we
would like to pose is how an external magnetic field affects this transition.
3 Non-equilibrium phase transition
In this section we study the behavior of the current J ≡ 〈J〉 in the D3-D7
and the D3-D5 systems when an external magnetic field is turned on.
3.1 D3-D7 system
Since we need to solve the equation of motion for θ(z) numerically, let us
explain our numerical method. The equation of motion is a second-order
differential equation and hence we need two initial conditions to solve it. In
order to specify these initial conditions, for given E and B we compute z∗.
Then we assign 0 < θ(z∗) < π/2 and compute J (or vice versa). Therefore,
the first initial condition is θ(z∗). Using the equation of motion for θ(z) the
second condition, which is θ′(z∗), can be found. We expand θ(z) around z∗
as
θ(z) = θ(z∗) + θ
′(z∗)(z − z∗) + 1
2
θ′′(z∗)(z − z∗)2 + ... . (16)
The equation of motion at zero order automatically vanishes and θ′(z∗) will
be found from the first order term. However, the details are cumbersome
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and unilluminating and therefore we will not present it here. After finding
the θ(z), its asymptotic value is proportional to the mass of fundamental
matters. Note that in all subsequent plots we have chosen λ = (2π)2 and
NfNc = 40.
In the presence of AdS-Schwarzschild black hole, when the electric field
is non-zero, the various embeddings of probe D7-branes can be classified
into three groups [14, 15, 16, 17]. The Minkowski embedding without hori-
zon(ME) are those embeddings where the probe D7-branes close off above
the horizon and z∗. In other words, the S
3 part of D7-branes shrinks to zero
at an arbitrary value zs < z∗ < zh. Conversely if z∗ < zs < zh, the embed-
ding is called Minkowski embedding with horizon(MEH). In fact z∗ can be
considered as a worldvolume horizon for MEHs [17]. As it can be seen from
(12), in the zero electric field limit z∗ = zh and therefore ME and MEH come
to be identical. The third group is black hole embedding(BE). In this group
the S3 part of D7-branes shrinks but does not reach zero size for zs 6 zh. On
the ME the quark-antiquark bound states are stable indicating that there
is no charge carrier and hence the system behaves as an insulator. On the
contrary, on the BE and MEH the bound states are unstable and as a result
non-zero conductivity is observed [17, 18].
0.005 0.010 0.015 0.020 0.025
J
1.24
1.26
1.28
1.30
1.32
m
0.005 0.010 0.015 0.020 0.025
J
1.24
1.26
1.28
1.30
1.32
m
Figure 1: The value of mass as a function of current has been plotted for
B=0, 0.3, 0.5, 0.7, 0.9 (top to bottom) and T = 0.450158. We set E = 0.1
(E = 0.2) in the left (right) figure.
As it was already mentioned, the mass of matter field corresponds to the
asymptotic value of θ(z). In the zero electric field case, at a fixed temperature
T , the ratio of the mass to the temperature determines which embedding is
thermodynamically favored. It turns out that for sufficiently small m/T , BE
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is favorable while ME will be chosen for sufficiently large m/T [19]. Similarly
in our case in figure 1 for given E, B and temperature it is easily seen that
there is a maximum value for the mass, mmax, indicating that ME is more
desirable for m > mmax. Figure 1 also shows that when the electric field and
temperature are fixed the maximum value of mass decreases as the magnetic
field increases5. This can be explained if we notice that the effective tension
of probe D7-branes increases in the presence of magnetic field6. Therefore,
they resist more against the shape deformation. In other words, compared
to the case with B = 0, zs decreases. As a result, in order to have a non-zero
current, the asymptotic distance between D3- and D7-branes, or equivalently
m, must decrease. Moreover, in this figure it is clearly seen that for a given
value of mass there are two embeddings where they have different currents.
These embeddings are observed for a range of currents depending on the
values of magnetic field and mass. As we will discuss later on, this indicates
a phase transition in the system.
A
B
C
D
0.000 0.001 0.002 0.003 0.004 0.005 0.006
J0.00
0.05
0.10
0.15
E
Figure 2: For various temperatures the valve of electric field E versus J
has been showed. The curves with T = 0.449350 > Tc, Tc = 0.449250 and
T = 0.449100 < Tc are presented by the blue, red and green, respectively.
We have chosen m = 1.302 and B = 0.3.
In figure 2 at a fixed magnetic field we have plotted the value of the electric
5The effect of electric field on this system has been discussed in [12, 13].
6Consider a D7-brane in the flat background. In the presence of magnetic field, the
action becomes
SDBI = −T7
√
1 +B2
∫
d8ξ = −τeff
∫
d8ξ, (17)
where B = Fxy and all other fields have been turned off. It is clearly seen that τeff ≥ T7.
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field versus current for different temperatures. One can see that in a region
with small current the differential conductivity, defined by ∂J
∂E
, is negative.
But in a region with large current this quantity becomes positive. This
conversion corresponds to a transition or to a continuous crossover between
NDC and PDC. The green curve in which T < Tc shows that the region with
NDC is smoothly connected to the region with PDC. Therefore, a continuous
crossover rather than a phase transition occurs. At the critical temperature,
T = Tc, the red curve shows that
∂E
∂J
∼ 0 at J = Jc ∼ 0.0011. Consequently,
the differential conductivity diverges at the critical point A. However, J/E is
finite at the critical point and accordingly the conversion represents a second-
order phase transition. The blue curve shows that, in the region with small
J , three values of the electric field (points B, C and D in the figure 2) are
allowed for a fixed current. It means that the electric field can jump from one
value to another and therefore NDC is discontinuously connected to PDC.
Since the electric field changes discontinuously, it is acceptable to consider
this transition as a first order phase transition.
In equilibrium the solutions with smaller free energy are the preferred
solutions. Since our system is not in equilibrium, we can not define a free
energy thermodynamically. Therefore, in our case, a significant question is
what quantity can be used to select the favorable solution among the three
solutions, for example among the three points B,C and D in figure 2. In
[13] it has been proposed that the energy of system may be considered as a
criteria to determine the favorable solution. In the presence of magnetic field
the Hamiltonian density of system becomes
H = A˙x ∂L
∂A˙x
−L
=
√
gzz|gtt|
gxx
(N 2(2πα′)2|gtt|g2xx cos6 θ(z)− J2)(g2xx + (2πα′)2B2)2
|gtt|g2xx − (2πα′)2gxxE2 + (2πα′)2|gtt|B2
,
(18)
where A˙x =
∂Ax
∂t
. Then the energy of system is given by
E = lim
ǫ→0
(∫ zh
ǫ
dz H−Hc(ǫ)
)
. (19)
The suitable counter term for the Hamiltonian, Hc, is equal to L1 + L2 +
10
Lf −HF where7
HF =
1
2
N (2πα′)2(B2 + E2) log ǫ+O(ǫ4 log ǫ), (20)
and the other terms have explicitly been given in [9]. It numerically turns
out that the solutions with the largest value of the electric field have the
lowest energy. For instance, among three points B,C and D, the embedding
corresponding to point D is energetically favorable8.
0.000 0.005 0.010 0.015 0.020
J0.10
0.15
0.20
0.25
0.30
E
Figure 3: The value of electric field as a function of current has been plotted
for B=0.2, 0.1, 0 (top to bottom), T = 0.449000 and m = 1.315.
In the crossover region between NDC and PDC, figure 3 suggests that a
non-zero current is observed for E > Ec ≃ 0.14, 0.16, 0.17 corresponding to
B = 0, 0.1, 0.2, respectively. More precisely, for E < Ec, MEs are favorable
and hence there is no current. For E ≥ Ec the system is a conductor and
then J 6= 0. This figure shows that by increasing the magnetic field, the
value of the Ec also raises. The reason for this is as follows. The MEs change
to the BEs or to the MEHs in the presence of sufficiently large electric field
as it has been discussed in [12, 13]. However, the magnetic field increases
the effective tension of probe D7-branes and therefore in order to have a
non-zero current we need a larger value of the electric field. In fact electric
and magnetic fields have opposite effect on the tension of D7-branes. Notice
that in this figure the mass has been fixed.
7We would like to thank the referee for his/her comment on the signature of the electric
and magnetic fields in (20).
8Our numerical calculation is not reliable for B < 0.1 and therefore this result is
applicable for B ≥ 0.1.
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0.000 0.001 0.002 0.003 0.004 0.005 0.006
J0.00
0.05
0.10
0.15
E
Figure 4: At a fixed temperature, T = 0.449350, the valve of electric field
E versus J has been showed. The different curves correspond to different
magnetic fields, with blue, red and green corresponding to B = 0.30, 0.315
and 0.36, respectively. We set m = 1.302.
We showed that the type of transition between NDC and PDC can be
a phase transition (first or second) or a crossover depending on the value
of temperature. Now consider a first order phase transition showing by the
blue curve in figure 4 for B = 0.30. Note that in this figure the mass and
temperature are kept fixed. We numerically observed that for larger values
of the magnetic field, the type of transition will alter. The transition is a
second order phase transition (crossover) when the magnitude of magnetic
field is 0.315 (0.36). As a matter of fact, Bc = 0.315 is a critical value for
the magnetic field presenting a first order phase transition. For B > Bc
a crossover takes place and conversely if B < Bc, we have a first order
phase transition. As a result, the type of transition depends not only on the
temperature but also on the value of external magnetic field. Figure 5 shows
that Tc depends almost linearly on Bc.
3.2 D3-D5 System
Here, we would like to investigate whether this transition depends on the sub-
space that the fundamental matter lives and on the supersymmetry which
is preserved by the system at zero temperature. In the first case, D5-branes
are extended along a 2+1 dimensional subspace. This system preserves su-
persymmetry at zero temperature. In the other case, the subspace is 1+1
dimensional and the system is not supersymmetric even at zero temperature.
12
0.26 0.28 0.30 0.32 0.34 0.36
Bc
0.4488
0.4490
0.4492
0.4494
0.4496
0.4498
Tc
Figure 5: Tc as a function of Bc for m = 1.302.
It is worthwhile to notice that the supersymmetry is anyway broken at finite
temperature.
3.2.1 D5 extended along a 2+1 dimensional subspace
The supersymmetric system we are interested in is D3-D5 system which can
schematically be showed with the following intersection of Nc D3-branes and
Nf flavor D5-branes
t x y w z S2 θ S2
D3 × × × ×
D5 × × × × ×
(21)
As before, in the low energy limit, D3-branes are replaced by AdS5×S5 whose
dual is SYM in 3 + 1 dimensions with the gauge group SU(Nc). The D5-
branes wrap an AdS4 × S2 and give rise to matter fields in the fundamental
representation. These matter fields live on the intersection of the D5-branes
and D3-branes which is a 2 + 1 dimensional subspace. However, degrees of
freedom of the SYM live in 3+1 dimensions. In fact this is the main difference
between this system and the D3-D7 system. Similar to the previous section
the mass of matter fields is given by the asymptotic value of θ(z).
In the probe limit, the dynamics of D5-branes is governed by DBI action,
introduced in (5), in the AdS5 × S5 background. Compared to the action of
probe D7-branes, the only change is in χ [9]
χ = (2πα′)2gxx
(N 2(2πα′)2|gtt|gxx cos4 θ(z)− J2) , (22)
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0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
J0.0
0.1
0.2
0.3
0.4
0.5
0.6
E
Figure 6: The green (T = 0.446208), the red (Tc = 0.447958) and the blue
(T = 0.450158) curves corresponding to a crossover, second and first order
phase transitions, respectively. We set m = 1.66 and B = 0.3.
where N = 4
√
λNfNc
3(2π)3
. Note that we parameterized the metric of the S5 as
dΩ25 = dθ
2 + sin2 θdΩ22 + cos
2 θdΩ22. (23)
The reality condition of the action then leads to
J2 = N 2(2πα′)2|gtt|gxx cos4 θ(z∗), (24)
and (12).
We numerically observe that all results are qualitatively similar to the
case studied in the pervious section. In particular, we observe that for a
given value of mass two solutions with different Js exist signaling a phase
transition. A first (blue curve) and second (red curve) order phase transitions
and a continuous crossover (green curve) have been plotted in figure 6.
The Hamiltonian of system can be found by replacing gxx cos
6 θ(z∗) by
cos4 θ(z∗) in (18) and then the energy becomes
E = lim
ǫ→0
(∫ zh
ǫ
dz H−Hc(ǫ)
)
, (25)
where Hc can be found in [20]. We numerically observe that the configuration
with the larger value of electric field is more favorable, energetically. Note
that similar to the D3-D7 case, there is a lower value for the magnetic field,
Bmin ≃ 0.05, where our numerical calculation is reliable for B > Bmin.
14
3.2.2 D5 extended along a 1+1 dimensional subspace
Now consider the following system
t x y w z S3 θ ψ
D3 × × × ×
D5 × × × ×
(26)
In this case the matter fields are living in the 1+1 dimensional subspace
0.01 0.02 0.03 0.04 0.05 0.06
J
0.05
0.10
0.15
0.20
0.25
0.30
E
Figure 7: The green (T = 0.446658), the red (Tc = 0.447158) and the blue
(T = 0.447658) curves corresponding to a crossover, second and first order
phase transitions, respectively. We set m = 0.905.
which is the intersection of D3- and D5-branes. The χ then becomes
χ = (2πα′)2gxx
(N 2(2πα′)2|gtt| cos6 θ(z)− J2) , (27)
where θ(z) has been introduced in (3) and N =
√
λNfNc
(2π)2
. For this system
there is no magnetic field and therefore we consider an external electric field
and hence (12) becomes
z2∗ =
(√
e2 + 1− e
)
z2h. (28)
Requiring the reality condition of the action leads to
J2 = N 2(2πα′)2|gtt| cos6 θ(z∗). (29)
Our results, shown in the figure 7, show that the transition between NDC
and PDC occurs in this case, too.
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4 Conclusion
In this paper we studied the effect of magnetic field on the non-equilibrium
phase transition of the differential conductivity. Our findings can be sum-
marized as follows.
• Our numerical calculation shows that various types of transition occur
even in the presence of magnetic field. But, opposite to the case of zero
magnetic field, in this case the configuration with the larger value of
electric field is energetically favorable.
• In the crossover region between NDC and PDC, the value of critical
electric field in which non-zero current is observed increases.
• The type of transition depends on the value of magnetic field as well as
the temperature. In fact by increasing the critical magnetic field, the
critical temperature also rises.
• It seems that, at least for the systems we have considered, neither
supersymmetry which is preserved by the system at zero temperature
nor the dimension of the subspace on which fundamental matter lives
alters the transitions, qualitatively.
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